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Abstract. We classify polar actions on complex hyperbolic spaces CH n up to orbit 
equivalence. 



I. Introduction and main result 

A proper isometric Lie group action on a Riemannian manifold is called polar if there 
exists an immersed submanifold that meets every orbit orthogonally. Such a submanifold 
is then called a section of the action. 

Let CH n = G/K be the complex hyperbolic n-space, where G = SU(l,n) and K = 
S(U(l)U(n)) is the isotropy group of G at some point o. Consider the Cartan decompo- 
sition q = t © p with respect to o. Choose a maximal abelian subspace a of p and let 
= 9-2a © 9-a © So © 0a © 02a be the root space decomposition with respect to o. Set 
to — ^ ^00 — u ( n — !)• Since fi acts on the root space g a , the center of t induces a natural 
complex structure J on Q a which makes it isomorphic to C n_1 . On the other hand, we call 
a subset of g a a real subspace of Q a if it is a linear subspace of g a , where Q a is viewed as a 
real vector space. Assume Q a is endowed with the inner product given by the restriction 
of the Killing form of q. A real subspace ro of Q a is said to be totally real if tn _L J(to). 

In this paper, we prove the following classification result: 

Theorem A. For each of the Lie algebras f) below, the corresponding connected subgroup 
ofU(l,n) acts polarly on CH n : 

(i) f) = qffiso(l, k) C u(n — fc)©su(l, k), k E {0, . . . , n}, where q is a subalgebra ofu(n—k) 
such that the corresponding subgroup Q of U(n — k) acts polarly with a totally real 
section on C n ~ k . 

(ii) f) = q©b©ro© $j 2a C su(l, n), where b is a linear subspace of a, ro is a real subspace 
°f Qa, and q is a subalgebra of to which normalizes to and such that the connected 
subgroup of SU(l,n) with Lie algebra q acts polarly with a totally real section on the 
orthogonal complement o/ro in q q . 

Conversely, every polar action on CH n is orbit equivalent to one of the actions above. 

In case (JI|) of Theorem A, one orbit of the iJ-action is a totally geodesic WH k and the 
other orbits are contained in the distance tubes around it. In case (jn]) , if b = a, one if -orbit 
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of minimal orbit type contains a geodesic line, while if b = 0, any f/-orbit of minimal orbit 
type is contained in a horosphere. 

We would like to remark here that Theorem A actually provides many examples of polar 
actions on CH n . Indeed, for every choice of a real subspace tt) in Q a , there is at least one 
polar action as described in part (ii) of Theorem A, see Section |3j 

The motivation of our work can be tracked down to the work of Dadok [TT] who classified 
polar representations on Euclidean spaces. Several years later, the interest of classifying 
polar and hyperpolar actions on symmetric spaces of compact type is stated in [15] (an 
isometric action is said to hyperpolar if it is polar and the section is flat). The classification 
of polar actions on compact symmetric spaces of rank one was obtained by Podesta and 
Thorbergsson [22] • This classification shows that there are examples of polar actions on 
symmetric spaces of rank one that are polar but not hyperpolar. Hyperpolar actions on ir- 
reducible symmetric spaces of compact type were classified by the third author in [17J. The 
lack of examples of polar actions that are not hyperpolar on irreducible symmetric spaces 
of compact type and higher rank, led Biliotti [10J to formulate the following conjecture: 
a polar action on an irreducible symmetric space of compact type and higher rank is hy- 
perpolar. The third author answered this question in the affirmative for symmetric spaces 
with simple isometry group [18], and for the exceptional simple Lie groups [Tj5]. The final 
step was given by Kollross and Lytchak [2T] who showed that Biliotti's conjecture can be 
answered in the affirmative: a polar action on an irreducible symmetric space of compact 
type and rank higher than one is hyperpolar, and hence, the classification follows from |17j . 
It is worthwhile to mention that the classification of polar actions on reducible symmetric 
spaces cannot be obtained from the corresponding classification in irreducible ones. 

While there has been certain progress in the study of polar actions on compact symmetric 
spaces, the situation in the noncompact case remains largely open. Wu [30] classified 
polar actions on real hyperbolic spaces and showed that, up to orbit equivalence, they are 
products of a noncompact factor, which is either the isometry group of a lower dimensional 
real hyperbolic space or the nilpotent part of its Iwasawa decomposition, and a compact 
factor, which comes from the isotropy representation of a symmetric space. In particular, 
there are finitely many examples of polar actions on a real hyperbolic space up to orbit 
equivalence. Berndt and the first author obtained in [5] the classification of polar actions 
on the complex hyperbolic plane Of 2 , showing that there are exactly nine examples up 
to orbit equivalence. No other classification of polar actions was known on a symmetric 
space of noncompact type. The aim of this paper is precisely to present the classification 
of polar actions on complex hyperbolic spaces of any dimension. 

An important fact to bear in mind here is that, in general, duality cannot be applied to 
derive classifications of polar actions in noncompact symmetric spaces from the correspond- 
ing classifications in the compact setting. A quick way to see this is the following. It was 
proved in [25] that polar actions on irreducible symmetric spaces of compact type always 
have singular orbits; however, a horosphere foliation on a real hyperbolic space is polar but 
does not have singular orbits, so it cannot be obtained from duality. Nevertheless, there 
are certain situations where duality can be used to obtain partial classifications. The first 
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and the third author derived in [13] the classification of polar actions with a fixed point 
on symmetric spaces using this method. Remarkably, it can be shown that a polar action 
with a fixed point in a reducible symmetric space splits as a product of polar actions on 
each factor. The third author explored this idea a bit further and obtained a classification 
of polar actions by algebraic reductive subgroups using duality in [20] . 

Berndt and Tamaru [8] classified cohomogeneity one actions on complex hyperbolic 
spaces, the quaternionic hyperbolic plane, and the Cayley hyperbolic plane. Note that 
in rank one an isometric action is hyperpolar if and only if it is of cohomogeneity one. The 
classification remains open in quaternionic hyperbolic spaces M.H n , n > 3, and in symmet- 
ric spaces of higher rank. See [9j for more information on cohomogeneity one actions on 
symmetric spaces of noncompact type. As we mentioned earlier, a polar action on a sym- 
metric space of compact type always has singular orbits. Motivated by this fact Berndt, 
Tamaru and the first author studied hyperpolar actions on symmetric spaces that have no 
singular orbits [7] and obtained a complete classification. It was also shown in this paper 
that there are polar actions on symmetric spaces of noncompact type and rank higher 
than one that are not hyperpolar unlike in the compact setting. This classification can be 
improved in complex hyperbolic spaces, where Berndt and the first author classified polar 
homogeneous foliations (6] . The main result of this paper contains [6] and [8] as particular 
cases. 

This paper is organized as follows. In Section [2] we review the basic facts and notations 
on complex hyperbolic spaces ( §2.ip . polar actions ( §2.2p . and real vector subspaces of 
complex vector spaces ( §2.3p . The results of Subsection 12.31 will be crucial for the rest of 
the paper. Section [3] is devoted to present the new examples that appear in Theorem A. 
We also present here an outline of the proof of Theorem A. This proof has two main parts 
depending on whether the group acting upon leaves a totally geodesic subspace invariant 
(Section H]) or is contained in a maximal parabolic subgroup of SU(l,n) (Section [5]). We 
conclude in Section [6] with the proof of Theorem A. 

2. Preliminaries 

In this section we introduce the main known results and notation used throughout this 
paper. We would like to emphasize the importance of Subsection 12. 3[ which is pivotal in 
the construction and classification of new examples of polar actions on complex hyperbolic 
spaces. 

As a matter of notation, if U\ and U2 are two linear subspaces of a vector space V, 
then U\ ffi U2 denotes their (not necessarily orthogonal) direct sum. We will frequently use 
the following notation for the orthogonal complement of a subspace of a real vector space 
endowed with a scalar product, namely, by V U we denote the orthogonal complement 
of the linear subspace U in the Euclidean vector space V. 

2.1. The complex hyperbolic space. In this subsection we recall some well-known facts 
and notation on the structure of the complex hyperbolic space as a symmetric space. This 
will be fundamental for the rest of the work. As usual, Lie algebras are written in gothic 
letters. 
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We will denote by CH n the complex hyperbolic space with constant holomorphic sec- 
tional curvature —1. As a symmetric space, CH n is the coset space G/K, where G = 
SU(l,n), and K = S(U(l)U(n)) is the isotropy group at some point o E CH n . Let 
= £ © p be the Cartan decomposition of g with respect to o, where p is the orthogonal 
complement of £ in g with respect to the Killing form B of g. Denote by 9 the correspond- 
ing Cartan involution, which satisfies 9\t_ = id and 9\ p = — id. Note that the orthogonal 
projections onto t and p are |(1 + 6) and |(1 — 9), respectively. Let ad and Ad be the 
adjoint maps of g and G, respectively. It turns out that (X, Y) = —B(9X, Y) defines a 
positive definite inner product on g satisfying the relation (ad(X)Y, Z) = — (Y, ad(9X)Y) 
for all X, Y, Z E g. Moreover, we can identify p with the tangent space T CH n of CH n 
at the point o. 

Since CH n has rank one, any maximal abelian subspace o of p is 1-dimensional. For each 
linear functional A on a, define g\ = {X E g : ad(H)X = \{H)X for all H E a}. Then 
a induces the restricted root space decomposition g = g_ 2a © 0_ a © 0o © 0« © 02«, which 
is an orthogonal direct sum with respect to (•, •) satisfying [gAjflJ — 0a+^ and 9g x = g-\. 
Moreover, g = t © a, where t = g fl t = u(n — 1) is the normalizer of o in t. The root 
space g a has dimension 2n — 2, while g2 a is 1-dimensional, and both are normalized by to- 
Let us define n = g a © g 2a , which is a nilpotent subalgebra of g isomorphic to the 
(2n — l)-dimensional Heisenberg algebra. The corresponding Iwasawa decomposition of 
g is $j = £©a©n. The connected subgroup of G with Lie algebra a © n acts simply 
transitively on CH n . One may endow AN, and then a © n, with the left-invariant metric 
(•, -)an and the complex structure J that make CH n and AN isometric and isomorphic as 
Kahler manifolds. Then (X, Y)an = (X a , Y a ) + |(X n , Y n ) for X, Y E a©n; here subscripts 
mean orthogonal projection. The complex structure J on affin leaves g a invariant, turning 
g a into an {n — l)-dimensional complex vector space C n_1 . Moreover, Ja = 02a- 

Let B E a be a unit vector and define Z = JB E 02«. Then {B, B) = (B, B)an = 1 and 
(Z, Z) = 2(Z, Z) an = 2. The Lie bracket of a © n is given by 

[aB + U + xZ, bB + V + yZ] = - h -U + (^-bx + ay +^(JU,V)j Z, 

where a, b, x, y E K, and U, V E g a - Let us also define p\ — (1 — 9)g\, the projection 
onto p of the restricted root spaces. Then p = a © p a © p2 a . If the complex structure on p 
is denoted by i, then we have that 2iB = (1 — 9)Z, and i(l — 9)U = (1 — 9)JU for every 
U E g a . 

We state now two lemmas that will be used frequently along the article. 

Lemma 2.1. We have: 

(a) [9X, Z} = -JX for each X E g a . 

(b) (T, (1 + 9)[9X, Y]) = 2([T,X],Y), for any X , Y E g a and T E t . 



Proof. See [61 Lemma 2.1]. 



□ 
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Lemma 2.2. The orthogonal projection map |(1 — 6) : a © g a © g 2a — >• & © Pa © p2« defines 
an equivalence between the adjoint K -representation on a© g a © 02a and adjoint K - 
representation on p = a © pa, © p2 a - Moreover, this equivalence is an isometry between 
(a © Q a © 02a, (•, -)aw) awd (p, (•, ')) , and | ( 1 — 0) : Q — > p a is a complex linear map. 

Proof. The first part follows from the fact that 9 is a i\~-equivariant, hence i\~o-equivariant, 
map on g. The other claims follow from the facts stated above in this subsection. □ 

2.2. Polar actions. Let M be a Riemannian manifold and I(M) its isometry group. It 
is known that I(M) is a Lie group. Let if be a connected closed subgroup of I(M). The 
action of if on M is called polar if there exists an immersed submanifold E of M such 
that: 

(1) E intersects all the orbits of the if- action, and 

(2) for each p e E, the tangent space of E at p, T P E, and the tangent space of the orbit 
through p at p, T p (H ■ p), are orthogonal. 

In such a case, the submanifold E is called a section of the ii-action. The action of ii is 
called hyperpolar if the section E is flat in its induced Riemannian metric. 

Two isometric Lie group actions on two Riemannian manifolds M and N are said to 
be orbit equivalent if there is an isometry M — > iV which maps connected components of 
orbits onto connected components of orbits. They are said to be conjugate if there exists 
an equivariant isometry M — > N. 

The final aim of our research is to classify polar actions on a given Riemannian manifold 
up to orbit equivalence. In this paper we accomplish this task for complex hyperbolic 
spaces. See the survey articles [27] and [28] for more information and references on polar 
actions. 

Since CH n is of rank one, a polar action on CH n is hyperpolar if and only if it is of 
cohomogeneity one, i.e. the orbits of maximal dimension are hypersurfaces. Conversely, 
any action of cohomogeneity one on CH n (or any other Riemannian symmetric space) is 
hyperpolar. Cohomogeneity one actions on complex hyperbolic spaces have been classified 
by Berndt and Tamaru in [8]. 

From now on we focus on polar actions on complex hyperbolic spaces and recall or prove 
some facts that will be used later in this article. We begin with a criterion that allows us 
to decide whether an action is polar or not. The first such criterion of polarity is credited 
to Gorodski [Hj . 

Proposition 2.3. Let M = G/K be a Riemannian symmetric space of noncompact type, 
and let S be a connected totally geodesic submanifold of M with o G E. Let H be a closed 
subgroup of I(M). Then H acts polarly on M with section E if and only «/T E is a section 
of the slice representation of H Q on u (H ■ o), and (f),T E © [T E,T E]) = 0. 
In this case, the following conditions are satisfied: 

(a) T G E © [f) , £] = v (H ■ o) for each regular normal vector £ e v {H ■ o). 



(b) T E©[f) ,T E] 

(c) Ad(ii )T E = i 



)=v {H-o). 
v {H-o). 



6 



J. C. DIAZ RAMOS, M. DOMINGUEZ VAZQUEZ, AND A. KOLLROSS 



Proof. Follows from [5j Corollary 3.2] and from well-known facts on polar representations 
of compact groups [TTJ. □ 

If TV is a submanifold of CH n , then N is said to be totally real if for each p £ N the 
tangent space T p N is a totally real subspace of T p CH n , that is, JT p N is orthogonal to T p N. 
See §2.31 for more information of totally real subspaces of complex vector spaces. The next 
theorem shows that sections are necessarily totally real. 

Proposition 2.4. Let H act nontrivially, nontransitively, and polarly on the complex 
hyperbolic space CH n , and let £ be a section of this action. Then, £ is a totally real 
submanifold ofCH n . 

Proof. Since the action of H is polar, the section £ is a totally geodesic submanifold of 
CH n , hence £ is either totally real or complex. Assume that £ is complex. 

Since all sections are of the form /i(£), with h G H, and the isometries of H are holo- 
morphic, it follows that any principal orbit is almost complex. It is a well-known fact that 
an almost complex submanifold in a Kahler manifold is Kahler. Since every i7-equivariant 
normal vector field on a principal orbit is parallel with respect to the normal connection [31 
Corollary 3.2.5], then this principal orbit is either a point or CH n (see for example [1]), 
contradiction. Therefore £ is totally real. □ 

2.3. The structure of a real subspace of a complex vector space. Let us denote 
by J the complex structure of the complex vector space C n . We view C n as a Euclidean 
vector space with the scalar product given by the real part of the standard Hermitian 
scalar product. We define a real subspace of C n to be an M-linear subspace of the real 
vector space obtained from C n by restricting the scalars to the real numbers. Let V be a 
real subspace of C n . We will denote by n v the orthogonal projection map onto V. 

The Kahler angle of a nonzero vector v G V with respect to V is defined to be the 
angle between Jv and V or, equivalently, the value ip G [0, ir/2] such that (iryJv, nv Jv) = 
cos 2 (f) (v , v) . We say that V has constant Kahler angle if if the Kahler angle of every 
nonzero vector v G V with respect to V is <p. In particular, V is a complex subspace if 
and only if it has constant Kahler angle 0; it is a totally real subspace if and only if it has 
constant Kahler angle 7r/2. 

Example 2.5. If {ei, . . . , e n } and {/i, . . . , f n } both are orthonormal bases of C n , then the 
real subspace V v of C 2n = C n © C n generated by 

{cos(f )ei+sin(|)J/i,cos(|)Jei+sin(|)/i, . . . , cos(f )e n +sin(f) Jf n , cos(f ) Je„+sin(f )/ n } 

has constant Kahler angle if G [0,7r/2). Conversely, any subspace of constant Kahler 
angle (p G [0, 7r/2) and dimension 2n of C 2n can be constructed in this way, see [2]. 

For general real subspaces of a complex vector space, we have the following structure 
result. 

Theorem 2.6. Let V be any real subspace ofC n . Then V can be decomposed in a unique 
way as an orthogonal sum of subspaces Vi, i = 1, . . . , r, such that: 
(a) Each real subspace Vi of C n has constant Kahler angle ifii. 
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(b) CVi _L CVj, for every i ^ j, i,j G {1, . . . , r}. 

(c) (pi < p 2 < ■ ■ ■ < <p r . 

Proof. The endomorphism P = 7ty o J of V is clearly skew-symmetric, i.e. (Pv, w) = 
— (v,Pw) for every v , w G V. Then, there exists an orthonormal basis of V for which P 
takes a block diagonal form with 2x2 skew-symmetric matrix blocks, and maybe one zero 
matrix block. Since P is skew-symmetric, its nonzero eigenvalues are imaginary. Assume 
then that the distinct eigenvalues of P are ±zAi, . . . , ±iX r (maybe one of them is zero). 
We can and will further assume that |Ai| > • • ■ > |A r |. 

Now consider the quadratic form ^f: V — > K defined by $?(v) = (Pv,Pv) = —(P 2 v,v) 
for v G V. The matrix of this quadratic form \l/ (or of the endomorphism — P 2 ) with 
respect to the basis fixed above is diagonal with entries Af , . . . , X 2 . For each i = 1, . . . , r, 
let Vi be the eigenspace of — P 2 corresponding the eigenvalue X 2 . Let v G Vi be a unit 
vector. Then 

(Tr v .Jv,ir Vi Jv) = (Pv,ir Vi Jv) = (Pv,Pv) = V{v) = X 2 , 

where in the second and last equalities we have used that Pv G V^. This means that each 
subspace Vi has constant Kahler angle <pi, where ipi is the unique value in [0, |] such that 
Af = cos 2 (^). 

By construction, it is clear that Vi _L Vj and JVi _L JVj for i ^ j. Since for every v G Vi 
and w E Vj, i ^ j, we have that (Jv, w) = (Pv, w) = 0, we also get that JVi _L Vj if i ^ j. 
Hence CVi _LCV$ if i ^j. 

Property (c) follows from the assumption that |Ai| > ■ ■ • > |A r |, and this also implies 
the uniqueness of the decomposition. □ 

It is convenient to change the notation of Theorem 12.61 slightly. Let V be any real 
subspace of C n , and let V = ®^ e$ V v be the decomposition stated in Theorem 12.61 where 
V v has constant Kahler angle ip G [0, 7r/2], and $ is the set of all possible Kahler angles 
arising in this decomposition. Note that according to Theorem I2.6[ this decomposition is 
unique up to the order of the factors. We agree to write V 9 — if ip ^ The subspaces Vq 
and V n /2 (which can be zero) play a somewhat distinguished role in the calculations that 
follow, so we will denote $* = {(/> G $ : <p ^ 0,n/2}. Then, the above decomposition is 
written as 

V = V ® ( @VJ ©K/ 2 . 

For each ip G $* U {0}, we define J v : V^ — > V^ by J v = (7iy y o J). This is clearly 
a skew-symmetric and orthogonal endomorphism of (see the proof of Theorem 12.61) . 
Therefore (V v , J v ) is a complex vector space for every p G $* U {0}. Note that J = J\v Q - 
Let UiV^) be the group of all unitary transformations of the complex vector space (V^, J^). 

Lemma 2.7. Let V be a real subspace of constant Kahler angle p ^ in C n . Then the 
real subspace CV V of C n has the same dimension as V and constant Kahler angle p. 



Proof. See for example jU page 135]. 



□ 
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Let V ± = C n Q V, where as usual denotes the orthogonal complement. Then, 
Lemma 12.71 implies that the decomposition stated in Theorem 12.61 can be written as 



v- 



We define m u 




■Kill 



dimV^ and 



where CV V = V V ® for each up G $* U {vr/2}. 



dimVj". For every ip ^ we have m v 



m,, 



by 



Lemma |2~7?] but Vq and Vq 1 are both complex subspaces of C n , possibly of different dimen- 



sion. 



Lemma 2.8. Let V be a real subspace ofC n . Let U(n)v be the subgroup ofU(n) consisting 
of all the elements A G U(n) such that AV = V. Then, we have the canonical isomorphism 



n u{ y*) 

v?e$*u{o} 



x 0(V n/2 ) x UiV^). 



where we assume that V v , (p G $* U {0} ; is endowed with the complex structure given 



by J* 



V cos((/p) 

restriction of J. 



tt v o J) ; and that Vq- is endowed with the complex structure given by the 



Proof. Let A G U (n) be such that AV = V. Then A commutes with J and 7iy and hence 
leaves the eigenspaces of — P 2 invariant (see the proof of Theorem 12 .61) . Thus AV V = V v . 



, it follows that AV£ 



Since we also have AV = V 

Let ip G $ U {0}. Since AV V 

A o 7T Vv \v v = ?% ° A\ Vv , and A o 7TyJ c »ev; 
Since A J = J A as well, we have that A o J. 



V 



<p 



V v and AVf 



= V£ we have ACV in 
"V* ° A\ 



<p\v v 



v - ^ r(p . Clearly, 
. - -,C"ev v - Hence, A o 7r Vtp = Tr Vtp o A. 
Jw°A\ v ,„ on VJp, and thus, A\ v G t^(V^). 



If (p — 7r/2 then we have = Kr/2 5 an d clearly, A\y n/2 is an orthogonal transformation 

of V n /2- Moreover, we have A\ v ±_ G U(V L ). We define a map 



F: C/(n)y ->• 



n ^) 

V5G**U{0} 



x 0(K/ 2 ) x [/(Vq 1 ) 



by requiring that the projection onto each factor is given by the corresponding restriction, 
that is, the [/(V^)-projection of F(A) is given by A\y v , the 0(K-/2)-projection of F(A) is 
A\v 7i/2) and the f/(V^ L )-projection of F(A) is A\ 



Since every element in U{n) v leaves the subspaces V v , <p G $, and Vq 1 invariant, the map 
thus defined is a homomorphism. Let us show injectivity and surjectivity. Let A v G U(V V ) 
for each <p G $* U {0}, let G 0(K/ 2 ), and let Aq G ^(V^ 1 ). If A G J7(n)y and v G JV V 
for </? G then Aw is determined by A v and t>, since Av = —AJ 2 v = — JAJv = —JA v (Jv). 
Since we have the direct sum decomposition 



C" 



V 
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it follows that the unitary map A on C n is uniquely determined by the maps A v , <p G $ 



and Aq. This shows injectivity. 



Conversely, let A G Yl 



ly)e**U{0} 



x 0(y„/ 2 ) x and denote by v4 v the t/(%)- 

projection, by A n / 2 the 0(K-/ 2 )-projection, and by Aq the [/(V^-)-projection. Then, we 
may construct a map A G Z7(n)y be defining A(u + Jw) = A^v + JA^w for all v , w G V^, 
(/;G$, = yl^v for v G V^~, and extending linearly. For the map A thus defined we have 



A 



A^ for and A| 



. This proves surjectivity. 



□ 



3. New examples of polar actions 

We will now construct new examples of polar actions on complex hyperbolic spaces. We 
will use the notation from Subsection 12.11 

Recall that the root space Q a is a complex vector space, which we will identify with C n_1 . 
Let It) be a real subspace of g a and 



to = to v = to © to v J © ttV/2 



its decomposition as in Theorem 12.61 where $ is the set of all possible Kahler angles of 
vectors in to, $* = {ip G $ : ^ 0,7r/2}, and to^ has constant Kahler angle ip G [0, 7r/2]. 
Similarly, define to- 1 = g Q ro and let 



ro- 



be the corresponding decomposition as in Theorem 




We define m u 



dimro^ and 



m,, 



dim ro:;, and recall that m v 



m: 



if c,c G (0, 7r/2]. Recall also that Kq, the connected 



subgroup of C7 = Si7(l,n) with Lie algebra t , is isomorphic to U(n — 1) and acts on 
Q a = C n_1 in the standard way. We know from Lemma [2.81 that the normalizer iVx (ro) 
of to in K has the form 



(1) 



N Ko (to) 



n 

y?G$*U{0} 



x 0(tt> ff / 2 ) x U(xv^). 



This group leaves invariant each ro^ and each ro^, and acts transitively on the unit sphere of 
these subspaces of constant Kahler angle. Moreover, it acts polarly on ro- 1 , see Remark 13.21 
below. 

The following result provides a large family of new examples of polar actions on CH n . 

Theorem 3.1. Let ro be a real subspace of Q a and b a subspace of a. Let f) = qffib©ro©g 2Q ., 
where q is any Lie subalgebra o/nt (tx>) such that the corresponding connected subgroup 
Q of K acts polarly on re 1 - with section 5. Assume 8 is a totally real subspace of g Q . 
Then the connected subgroup H of G with Lie algebra h, acts polarly on CH n with section 
E = ex Po ((a©b) © (1 -6)s). 
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Proof. We have that T c £ = (a b) © (1 - 9)s and u a (H ■ o) = (a© b) © (1 - 0)^. Since 
s C it)" 1 , it follows that T S C ^(-ff ■ °)- The slice representation of H on z/ D (if ■ o) leaves 
the subspaces a© b and (1 —9)xv ± invariant. For the first one the action is trivial, while for 
the second one the action is equivalent to the representation of Q on to 1 - (see Lemma \2.2\i , 
which is polar with section s. Hence, the slice representation of H Q on v {H ■ 6) is polar 
and T D S is a section of it. Let v , w G s C to- 1 . We have: 

[(1 -9)v, (l-9)w\ = (l + 9)[v,w\ - (l + 9)[9v,w\ = -(l + 9)[9v,w\. 

The last equality holds because v and w lie in s, which is a totally real subspace of g a , 
and then [v,w] = ^(Jv,w)Z = 0. Since v, w G g a , then 6*f G £j„ a and [9v,w] G {Jo- Hence 
-(1 + 9)[9v,w] G t . Let X = T + aB + U + xZ G f), where T G q, t/ G to and a, ac G R. 
Since to is orthogonal to a © g a © Q2a, we have: 

([(1 - 9)v, (1 - 0H, X) = -((1 + 9)[9v,w],T) = -2([T,v),w) = -4([T,v],w) AN = 0, 

where in the last equality we have used that the action of Q on to 1 - is a polar representation 
with section s. If b = a, the result then follows using the criterion in Proposition 12.31 

If b 7^ a then b = 0. In this case, let v G s and X = T + U + xZe f), where T G q, 
U G tt>, Z G R. Then: 

([5, (1 - 9)v),X) = ((1 + = + C/) = 0. 

Since [B, B] = 0, by linearity and the skew-symmetry of the Lie bracket, it follows that 
([T S,T E], f)) = 0. Again by Proposition 12.31 the result follows also in case b ^ o. □ 

Remark 3.2. In the special case Q = A^ (tt)), we obtain a polar action on CH n , since 
the whole normalizer Nk (vo) acts polarly on to ± . Indeed, let s v be any one-dimensional 
subspace of to^ if to^ ^ 0, and define s = ©^g^ujo} Then s is a section of the action 
of iVV (ro) on to^. The cohomogeneity one examples introduced in [2] correspond to the 
case where to L has constant Kahler angle, b = a and Q = NK (to). 

Remark 3.3. It is straightforward to describe all polar actions of closed subgroups Q in 
Theorem 13.11 up to orbit equivalence. In fact, the action of the group A^^ (ro) is given 
by the products of the natural representations of the direct factors in ([1]) on the spaces 
ro^. By the main result of Dadok [11], a representation is polar if and only if it is orbit 
equivalent to the isotropy representation of some Riemannian symmetric space. Therefore, 
we obtain a representative for each orbit equivalence class of polar actions on to 1 - given by 
closed subgroups of iVV (rt>) in the following manner. Given to, for each ip G $U{0} choose 
a Riemannian symmetric space such that dimM^ = dimro^. In case tt/2 G $, choose 
the symmetric spaces such that all of them except possibly M n /2 are Hermitian symmetric; 
in case tt/2 ^ $, choose all these symmetric spaces to be Hermitian without exception. 
Then the isotropy representation of ri(pe*u{o} defines a closed subgroup of iV^ro), 
which acts polarly on to 1 - with a section s, which is a totally real subspace of Q a , see [25] . 
This construction exhausts all orbit equivalent classes of closed subgroups in K leaving tt> 
invariant and acting polarly on to 1 - with totally real section. 
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Remark 3.4. There is a curious relation between some of the new examples of polar actions 
in Theorem 13 . 1 1 and certain isoparametric hypersurfaces constructed by the first two authors 
in P2] . The orbit H ■ o of any of the polar actions described in Theorem 13.11 with b = a is 
always a minimal (even austere) submanifold of CH n that satisfies the following property: 
the distance tubes around it are isoparametric hypersurfaces which are hence foliated by 
orbits of the if -action. Moreover, these hypersurfaces have constant principal curvatures 
if and only if they are homogeneous (i.e. they are the principal orbits of the cohomogeneity 
one action resulting from choosing q = nt (tt>) in Theorem 13.11) ; this happens precisely 
when the real subspace tr -1 of g a has constant Kahler angle. See [12] for more details. 

The rest of the paper will be devoted to the proof of the classification result stated in 
Theorem A. In order to justify the content of the following sections, we will give here a 
sketch of the proof of Theorem A, and leave the details for the following sections. 

Assume that if is a closed subgroup of SU(1, n) that acts polarly on CH n . Any subgroup 
of SU(l,ri) is contained in a maximal proper subgroup L of SU(l,n). We will see that 
each maximal subgroup of SU(l,n) either leaves a totally geodesic proper subspace of 
CH n invariant or it is a parabolic subgroup. In the first case, L leaves invariant a lower 
dimensional complex hyperbolic space CH k , k e {0, . . . , n — 1}, or a real hyperbolic space 
M.H n . The first possibility is tackled in Subsection 14.11 an d it follows from this part of 
the paper that, roughly, the action of H splits, up to orbit equivalence, as the product of 
a polar action on the totally geodesic CH k , and a polar action with a fixed point on its 
normal space. Hence, the problem is reduced to the classification of polar actions on lower 
dimensional complex hyperbolic spaces, which will allow us to use an induction argument. 
The second possibility is addressed in Subsection 14.21 where we show that the action of H 
is orbit equivalent to the action of SO(l,n), which is a cohomogeneity one action whose 
orbits are tubes around a totally geodesic RH n . If the group L is parabolic, then its Lie 
algebra is of the form [ = t © o © g a © 02a, for some root space decomposition of su(l, n) 
(see §2.ip . We show in Section [5] that the Lie algebra of H (up to orbit equivalence) must 
be of the form q © b © tt> © g 2a , with q C t , b C a, and tn C g a , or of the form q © a, with 
q C to- A bit more work leads us to the examples described in Theorem 13.11 Combining 
the different cases, we will conclude in Section E] the proof of Theorem A. 

4. Actions leaving a totally geodesic subspace invariant 

The results in this section show that in order to classify polar actions leaving a totally 
geodesic complex hyperbolic subspace invariant it suffices to study polar actions on the 
complex hyperbolic spaces of lower dimensions. We will also show that actions leaving 
a totally geodesic M.H n invariant are orbit equivalent to the cohomogeneity one action of 
SO(l,n). Note that if an isometric action leaves a totally geodesic M.H k invariant, it also 
leaves a totally geodesic CH k invariant. 

The following is well-known. Let H be closed connected subgroup of SU(l,n). If the 
natural action of H on CH n leaves a totally geodesic proper submanifold of CH n invariant, 
then there is an element g G 577(1, n) such that gHg^ 1 is contained in one of the subgroups 
S(U(l, k)U(n - k)) or 50(1, n) of 577(1, n). 
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4.1. Actions leaving a totally geodesic complex hyperbolic space invariant. Let 

L = S(U(l,k)U(n -k)) C G = SU(l,n). Let M l be the totally geodesic CH k given by 
the orbit L ■ o. Let M 2 be the totally geodesic CH n ~ k which is the image of the normal 
space v Q M\ under the Riemannian exponential map exp D . Let if be a closed connected 
subgroup of L. Then the if -action on CH n leaves Mi invariant and the if-action on CH n 
restricted to the isotropy subgroup ff D leaves M 2 invariant. Let \ L — > U(l,k) and 
7r 2 : L — >■ U(n — k) be the natural projections. 

Theorem 4.1. Assume the if -action on CH n is nontrivial. Then it is polar if and only 
if the following hold. 

(i) The action of if on M\ is polar and nontrivial. 

(ii) The action of H D on M 2 is polar and nontrivial. 

(Hi) The action of ni(H) x ^(ifo) on Cif n is orbit equivalent to the H-action. 

Proof. Assume first that the if-action on Cif n is polar and E is a section. Let Ej be the 
connected component of E D Mj containing o for i = 1,2. Obviously, the if -orbits on Mi 
intersect Ei orthogonally. Let p be an arbitrary point in Mj. Then the intersection of 
the orbit H ■ p with E is non-empty. Let q G (if ■ p) D E. Since H leaves M x invariant, 
we have that q € M\. Both the Riemannian exponential maps of Mi and of E at the 
point o are diffeomorphisms by the Cartan-Hadamard theorem. Hence there is a unique 
shortest geodesic segment (3 in E connecting o with q and there is also a unique shortest 
geodesic segment 7 in Mi connecting o with q. Since both E and Mi are totally geodesic 
submanifolds of CH n it follows that (3 and 7 are both also totally geodesic segments of CH n 
connecting the points o and q and must coincide by the Cartan-Hadamard theorem. Hence 
= 7 both lie in Ei. This shows that Ei meets the if -orbit through p (namely, at the 
point q) and completes the proof that (i) holds. 

Obviously, the if Q -orbits on M 2 intersect E 2 orthogonally. Since T Q M 2 is a submodule 
of the slice representation of H Q on v Q {H ■ o), the linear if -action on T Q M 2 is polar with 
section T Q E 2 . The map exp Q : T Q M 2 — > M 2 is an if Q -equivariant diffeomorphism by the 
Cartan-Hadamard theorem. In particular, it follows that E 2 meets all if -orbits in M 2 , 
since T Q E 2 meets all if Q -orbits in T D M 2 . Thus (ii) holds. 

Consider the polar slice representation of H Q at T a CH n with section T E. By [TT| 
Theorem 4], it follows that T D E = T Ei ©T D E 2 . Since H C tti(H) x tt 2 (H), it follows that 
the actions of the two groups on CH n are orbit equivalent. 

Now let us prove the other direction of the equivalence. Assume H C L is a closed 
subgroup such that (i), (ii) and (iii) hold. Because of (iii) we may replace H by fti(H) x 
tt 2 (H). Let Ei be the section of the if -action on Mi and let E 2 be the section of fr- 
action on M 2 . Then by Proposition 12.41 the tangent spaces T Ei and T D E 2 are totally real 
subspaces of T CH n ; moreover, CT Q Ei _L CT G E 2 . Thus the sum T Ei ©T D E 2 is totally real 
Lie triple system in T D CH n . Let E be the corresponding totally geodesic submanifold. 

Using Proposition 12.31 we will show that the if -action on Cif n is polar and E is a 
section. Consider the Cartan decomposition q = t © p with respect to o G Cif™. We have 



POLAR ACTIONS ON COMPLEX HYPERBOLIC SPACES 



13 



p = T M\ © T Q M 2 . Furthermore, the direct sum decomposition 
(2) v {H-o) = {v {H ■o)r\T M l )®T M 2 

holds. The slice representation of the if-action on M\ at the point o is orbit equivalent 
to the sub module u D (H ■ o) fl T Q Mi of the slice representation of the if- action on CH n 
at o. The slice representation of the i7 D -action on M 2 at the point o is orbit equivalent 
to the submodule T Q M 2 of the slice representation of the if-action on CH n at o. By [111 
Theorem 4], we conclude that the slice representation of H Q on v {H ■ 6) is polar and a 
section is T E = T Q Si © T £ 2 . We have to show ([v, w],X) = —B([v, w], 9(X)) = for all 
v , w G T S C p and all X G f). We may identify the tangent space T Q CH n = p with the 
space of complex (n + 1) x (n + l)-matrices of the form 





/ 





Zi . . 


Zn 


(3) 




Z\ 


.. 


. 










V 


Zn 


.. 


. 



The subspace T Mi is given by the matrices where Zk+i = . . . = z n = 0. On the other 
hand, T Q M 2 consists of those matrices where z\ = . . . = Z/~ — 0. Let v,w £ T £i. Then 
[f , w] is a matrix all of whose non-zero entries are located in the (k + 1) x (k + l)-submatrix 
in the upper left-hand corner, and it follows from (i) and Proposition 12.31 that all vectors 
in \) are orthogonal to [v, w]. Now assume v , w G T S2. Then [f , w] is a matrix all of whose 
non-zero entries are located in the (n — k) x (n — A;)-submatrix in the bottom right-hand 
corner. It follows from (ii) and Proposition 12.31 that all vectors in f) are orthogonal to 
[v, w). Finally assume v G T Sx and w G T S 2 . In this case, the bracket [v, w] is contained 
in the orthogonal complement of the Lie algebra of L in su(l,n); in particular, [v,w] is 
orthogonal to f). We conclude that the if -action on Cif n is polar by Proposition 12.31 □ 

4.2. Actions leaving a totally geodesic real hyperbolic space invariant. Now we 

assume that the polar action leaves a totally geodesic ¥LH n invariant. We have: 

Theorem 4.2. Assume that H is a closed subgroup of SO(l,n) C 577(1, n). If the En- 
action on CH n is polar and nontrivial, then it is orbit equivalent to the S O (1, n)- action 
on CH n ; in particular, it is of cohomogeneity one. 

Proof. This proof is divided in three steps. 

Claim 1. The group H induces a homogeneous polar foliation on the totally geodesic 
submanifold M.H n given by the 50(1, n)-orbit through o. 

Let Mi be the totally geodesic M.H n given by the 50(1, n)-orbit through o. Obviously, 
the i7-action leaves Mi invariant. Assume the H- action on Mi has a singular orbit H ■ p, 
where p = g(o) G M\. Consider the action of H' on CH n , where H' is the conjugate 
subgroup H' = gHg^ 1 of SU(1, n). The action of H' is conjugate to the i7-action on CH n , 
hence polar. We have the splitting (j2J) for the normal space of the i7'-orbit through o as 
in the proof of Lemma I4.1[ where in this case M 2 is the totally geodesic M.H n such that 
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T D M 2 = i(T Mi). Since o is a singular orbit of the if '-action on M 1; the slice representation 
of H' a on V = v {H' ■ o) D T M\ is nontrivial. The space T Q Mi consists of all matrices 
in where the entries zi,...,z n are real. Consequently, the space iV is contained in 
the normal space v (H' ■ 6) and it follows that the slice representation of H' Q with respect 
to the if' -action on Cif n contains the submodule V © iV with two equivalent nontrivial 
if^-representations and is hence non-polar by [171 Lemma 2.9], a contradiction. Hence 
the if-action on Mi does not have singular orbits, i.e. if induces a homogeneous foliation 
on Mi. 

Claim 2. The homogeneous polar foliation induced on the invariant totally geodesic real 
hyperbolic space consists of only one leaf or all the leaves are points. 

Consider the point o G Mi as in the proof of Claim HJ The tangent space of Mi at o 
splits as 

T Mi = T (H ■ o) © {v (H ■ o) n T a Mi). 
The action of the isotropy group H Q on T Q Mi respects this splitting. Moreover, the action 
is trivial on V = u a (H ■ o) fl T a Mi, as this is a submodule of the slice representation at o, 
which lies in a principal orbit of the if -action on Mi. It follows that the action of ff G on 
iV is trivial as well and the only possibly nontrivial submodule of the slice representation 
at o is iW, where we define W = T (if ■ o). It follows that the action of the isotropy group 
ff G on iW is polar by Proposition 12.31 Let £' be a section of this action. Let S be a section 
of the if -action on CH n . Then we have 

T S = V © iV © 

By Proposition 12.41 E is either totally real or E = CH n . In the first case, V must be 0, so 
the action of H on Mi is transitive. In the second case, the action of H on CH n is trivial. 

Claim 3. The if -action on Cif" is orbit equivalent to the 50(1, n) action. 

Assume the if -action is nontrivial and polar with section E. We will use the notation 
of Subsection [2HJ By Claim [2J if acts transitively on M x = RH n . By Lemma [221 the 
tangent space T Q (H ■ o) = T M X coincides with a © (1 — 0)g^, where gj^ is a totally real 
subspace of the root space Q a satisfying Cg^ = g a . Moreover v M x = i(T M\). The action 
of the isotropy subgroup ff G = if fl K on v Mi by the slice representation is polar with 
section T D E. Since iB e u Mi, by conjugating the section with a suitable element in if G 
we can then assume that iB e T E. 

According to [7J, Proposition 2.2], the group if contains a solvable subgroup S which 
acts transitively on M\ = WH n . Since S is solvable, it is contained in a Borel subgroup 
of 50(1, n). As shown in the proof of [HI Proposition 4.2], we may assume that the Lie 
algebra of such a Borel subgroup is maximally noncompact, i.e. its Lie algebra is tffiaffig^, 
where t is an abelian subalgebra of I D so(n) such that t © a is a Cartan subalgebra of 
so(l, n), see [23] . Note that the Cartan decomposition of so(l, n) with respect to the point 
oeM x = RH n is so(l, n) = (fn so(l, n)) ® p M , where p M = o © (1 - = T M U and g^ 
is the only positive root space of so(l,n) with respect to the maximal abelian subalgebra 
a of p R , for a fixed order in the roots. 
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Now assume the if-action on CH n is not of cohomogeneity one. Then T G S C v M\ 
is a Lie triple system containing iB and a nonzero vector iw such that iB, iw G p are 
orthogonal. By Lemma l2.2[ there is a vector W G such that u> = (1 — 6)W . Then, 
using Lemma [2.1( lal). we have 

[iB, iw] = ~[(1 - 0)^, (1 - 6) JW] = i(l + 0)[0JW, Z] = ~(1 + 0)W. 

Since T^S 1 • o) = T a Mi, it follows that the orthogonal projection of the Lie algebra of S 
onto p is p M = a © (1 — 9)g^. This implies that a © is contained in the Lie algebra of S, 
and hence, also in f). But then Wei) and 

([iB, iw],W) = ~<(1 + wo = i<w, wo ^ o, 

so we have arrived at a contradiction with the criterion for polarity in Proposition 12.31 □ 

5. The parabolic case 

As above, let G = SU(l,n) be the identity connected component of the isometry group 
of CH n , and K = S(U(l)U(n)) the isotropy group at some point o. Let g = t © p be the 
Cartan decomposition of the Lie algebra of G with respect to o, and choose a maximal 
abelian subspace a of p. As usual we consider n = g a © g 2a , where a is a simple positive 
restricted root. The normalizer of n in £ is denoted by to- Then t © <* © n is a maximal 
parabolic subalgebra, and a maximal parabolic subgroup can be written as the semi-direct 
product K AN. 

The aim of this section is to prove the following decomposition theorem. 

Theorem 5.1. Let H be a connected closed subgroup of K Q AN acting polarly and non- 
trivially on CH n . Then the action of H is orbit equivalent to the action of a subgroup of 
KqAN whose Lie algebra can be written as one of the following: 

(a) q © o ; where q is a subalgebra of t . 

(b) q © a © ro © Q2a, where tt> is a subspace of g a , and q is a subalgebra of to- 

(c) q © ro © Q2a, where ro is a subspace of g a , and q is a subalgebra of t . 

Let Q be a maximal compact subgroup of H. Any two maximal compact subgroups of a 
connected Lie group H are connected and conjugate by an element of H [24, p. 148-149]. 
By Cartan's fixed point theorem, Q fixes a point p G CH n , and hence Q = H p , the isotropy 
group of H at p. Since AN acts simply transitively on CH n , we can take the unique element 
g in AN such that g(p) = p, and consider the group H' = I g -i(H) = g~ 1 Hg, whose action 
on CH n is conjugate to the one of H. Moreover, Q' = I g -i(Q) = g~ 1 Qg fixes the point o. 
Since a © n normalizes t © a © n, we get that AN normalizes £ © a © n - m particular, 
Ad(g -1 )f) C to © a © n an d therefore H' C K AN. Since we are interested in the study 
of polar actions up to orbit equivalence, it is not restrictive to assume that the group 
H C KqAN acting polarly on CH n admits a maximal connected compact subgroup Q 
that fixes the point o, and hence Q C Kq. We will assume this from now on in this section. 

As a matter of notation, given two subspaces m, I, and a vector v of g, by rri[ (resp. by 
v\) we will denote the orthogonal projection of m (resp. of v) onto I. 
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The crucial part of the proof of Theorem 15.11 is contained in the following assertion: 

Proposition 5.2. Let H be a connected closed subgroup of K AN acting polarly on CH n . 
Let Q be a maximal subgroup of H that fixes the point o G CH n . Let b be a subspace of a, 
tn a subspace of Q a , and r a subspace of Q 2a . Assume that f) = qffibffitt)©tisa subalgebra 
of to © a © n, and let H be the connected subgroup of K AN whose Lie algebra is f). If 
f)n©n = b © to © r ; then the actions of H and H are orbit equivalent. 

The proof of Proposition 15.21 is carried out in several steps. We start with a few basic 
remarks. 

Since a and g 2a are one dimensional, b is either or a, and r is either or Q 2a . Moreover, 
if r = then tt> has to be a totally real subspace of the complex vector space Q a = C"" 1 , so 
that f) is a Lie subalgebra. Using the properties of the root space decomposition, it is then 
easy to check that f) = qffibffiroffirisa subalgebra of t © & © n if and only if [q, tt>] C tt>. 

Let £ be a section of the action of H on CH n through o G CH n , and let T Q S be 
its tangent space at o. The normal space of the orbit through the origin is v {H ■ o) = 
(a e b) © (p a (1 - 6)xo) © (p 2a © (1 - 0)t). Since [to, a] = [t , g 2 J = 0, [to, fl a ] = 0a, and 
v {H ■ 6) = T G S © [q,T D S] (orthogonal direct sum of vector subspaces) by Proposition 12.31 
it follows that a b C T C S and p 2a (1 — 9)t C T Q S. Moreover, since sections are 
totally real by Proposition 12.41 we can write the tangent space at o of any section as 
T G S = (a b) © (1 — 9)s © (p 2 Q © (1 — 9)t), where s is a totally real subspace of g Q , with 
5 C g Q xv. Furthermore, the fact that T G S is totally real, and ia = p 2a (where i is the 
complex structure on p), implies that a© b = or p 2a 0(1 — 9)t = 0, or equivalently, b = o 
or t = Q 2a (that is, a C f) oen or Q 2a C f) aen ). 

Let T + aB + U + xZ be an arbitrary element of f), with T G [)t , U G to, and a, x G R. 
Let £, 77 be arbitrary vectors of s. By Proposition 12.31 and since s is totally real, we have, 
using Lemma [2Tll lbl) : 

0=(T + aB + U + xZ, [(1 - 9)t, (1 - 9)r]]) = — (T, (1 + 77]} = -2([T, £}, rj), 

from where it follows that [f)t , s ] Cg Q 95. 

Moreover, if T G q and S v G f) to , U G to are such that S v + U G f), then [T, S v ] + [T,U] = 
[T, Sf/ + U] G f), so [T, £7] G m. In particular, if f G s, then = ([T, C/],0 = — ( [T, £] , [/}, 
which proves [q,s] C g a (to ©s). 

Summarizing what we have obtained about sections we can state: 

Lemma 5.3. IfH is a section of the action of H on CH n through o, then 

T £ = ( a b) © (1 - 9)5 © (p 2a © (1 - 9)x), 

where s C Q a © to is a totally real subspace of g a , and b = a or t = g 2a . Moreover, 
[t)t ,s] CQ a Gs, and [q,s] C g Q © (tu ffis). 

We will need to calculate the isotropy group at certain points. 

Lemma 5.4. Let £ G Q a and write g = Exp(A£) ; with A G R. Then, the Lie algebra of the 
isotropy group H p of H at p = g(o) is \) p = P) fl Ad(g)t = q D ker ad(£). 
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Proof. First notice that f) D Ad(g)t is the Lie algebra of H p — H fl I g (K). Let t> be the 
unique element in p = T Q CH n such that exp G (t>) = p. We show that the isotropy group 
Hp coincides with the isotropy group of the slice representation of Q at v, Q v . By [291 
§2] we know that the normal exponential map exp : u(H ■ o) — > CH n is an if-equivariant 
diffeomorphism. Let h G H p . Since exp D (t>) = p = h(p) = hexp Q (v) = exp h ^(h* v), we 
get that h(o) = o and h* v = v, and hence, h G Q v . The iT-equivariance of exp also shows 
the converse inclusion. Therefore H p = Q v . 

We can write v = aB + b(l — 0)£ for certain a, b G R. In fact, Exp(A£)(o) belongs to 
the totally geodesic RH 2 given by exp c (a©R(l - 0)£), and b ^ if A£ ^ 0. Then, the Lie 
algebra of H p = Q v is {T G q : [T, aB + 6(1 - 0)f ] = 0} = {T G q : [T, f ] = 0}, which is 
qnkerad(0- □ 

By definition, we say that a vector £ G s is regular if [q, £] = g a (to © s). We have 

Lemma 5.5. T/ie sei {( 6 s : ( is regular} is an open dense subset of s. 

Proof. An element of T E can be written, according to Lemma |5\3| as v — aB + (1 — 0)£ + 
x(l - 6)Z where a, x G R, and (Gs. We have [q, u] = (1 - 0)[q, £] and z/ Q (iT • o) © T £ = 
(1 — 9)(g a (tt> ©s)). An element of T E is regular (that is, belongs to a principal orbit of 
the slice representation Q x u a (H ■ o) —> u (H ■ o)) if and only if [q,t>] = u a (H ■ o) T £. 
The previous equalities, and the fact that (1 — 6) : Q a — > p a is an isomorphism implies that 
v is regular if and only if [q, £] = Q a (to © s). Since the set of regular points of a section 
is open and dense, the result follows. □ 

Lemma 5.6. For each regular vector £ G s we have [f)j ,£] = Q (to ffis). 

Proof. Let ( G s be a regular vector, that is, [q,£] = g a (to ©s). In order to prove the 
lemma, it is enough to show that [f)t ,£] C Q a tt>, since q C f)t and, by Lemma 
[foo>f] C Q ©5. 

First, consider the case r = 0. By Lemma I5.3[ T £ = (1 — 0)s © R(l — 6)Z for each 
section E through o, where s is some totally real subspace of Q a . By Proposition 12.31 we 
have v (H-o) = Ad(Q)(T £) and, thus, for any rj G Q to we can find a section £ through 
o such that rj G s by conjugating by a suitable element in Q. Then using Lemma [2.11 we 
have that (1 + 9)Jr] = [(1 - 0)77,(1 - 6)Z\ G [T £,T £]. Let W G to and TV e J)t 
be such that Ty + W E f). Since by Proposition 12.31 we have (1), [T X,T £]) = 0, then 
= (T w + W, (1 + )</??) = (W, Jr/). We have then shown that J(g a ro) is orthogonal to 
to, that is, Q a ro is a complex subspace of g a . Since to is totally real, we deduce to = 0. 
But then [f)t ,£] C g a to holds trivially. 

For the rest of the proof, we assume that r = 02a- 

Let Tb G f)t and a G R such that Tb + O-B G f). Note that, if b = 0, then a = 0, 
Tb G q and there is nothing to prove. For each U E to take an Su G f)i with + U G f). 
Then [Tg, Su) + [Tb, E7] + ft/ = [Tb + aB, + £7] G f), so [T B , £/]+§£/ G to, from where 
[Tb, E/] G to. Hence, ([Tb, £],£/> = -(£, [Tb, U\) = 0, so we get [T B , £] C 0Q © to. 

Now let Tz G f)to and iGZ with T z + G h,. For each C7 G to take an G f){ with 
5a + G Then [T z , fi'y] + [T z , U] = [T z + Z,S v + U]e fj, so [T z , f/] G to. As above, we 
conclude [Tz, £] C Q © to. 
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Finally, we have to prove that for each U G tt>, if T v G f} to is such that T v + U G h, then 
[3b, £] G 0a tt). This will require some effort. 

Let U G to and T v G fj{> with Tjj + U G f). By Lemma EH [3b, £] G g a 6s = 
tt)©(0 a 0(m©s)). Since [q,£] = fl a (tt) ©s), we can find an 5 G q so that [3b + 5, £] G tt). 
Therefore we can define the map 

F { : to tt), C/ .->• [Tc/, f], where TV G f)* , Tu + U G h, and [Tc/, f] G tt). 

The map Fg is well-defined. Indeed, if Tu, Su G f)j , (7 G to, Ty + (7, 5c/ + (7 G f), and 
[Tc/,£], e », then Tu — Su £ q, so [T a ,£] - [5c/, £] = [3b - 5c/, £] G 0a (tt> *), 

and [3f/, £] — [5c/, £] G to. Hence [Tc/, £] = [5c/,£]. It is also easy to check that F^ is linear. 

Furthermore, F^ is self-adjoint. To see this, let Tu, Sy G f)t , (7, V G to, with Tc/ + (7, 
5y + V G f), and [T[/,£], [Sy, £] G to. Then we have 

= ([Tu + U,S V + HO = (Pb,HO - ([<^,H0 = ~{V, [Tc/,0) + (17, [5 y ,£]> 

= -(^(c/),y) + (F e (y),[/}. 

Assume now that F^ ^ 0. Then F^ admits an eigenvector (7 G tt) with nonzero eigenvalue 
A G R: F ? (t7) = AC/ 7^ 0. We will get a contradiction with this. 

Let g = Exp(— and consider Tu G f)t such that Tu + U G () and F^(U) = [Tu,£] = 
XU. We also consider an element 5 G f)t such that 5 + Z G t) and [5, £] = 0; this is possible 
because [5, £] G Q (to © s) = [q, £] and q C f). If we define R = T V - j^(7£, 7)5 G f)| , 
then we have 

Ad(^)F = e^ ad «)F = lb - i[e,Tc/] + ^[£, [£,7b]] - ^(^,7)5 

= (Tc/ + 7) - ^(J£, U)(S + Z) G f) n Ad(^)(«). 

However, Ad(g)F G" q Piker ad(£). By virtue of Lemma |5~^ this gives a contradiction. Thus 
we must have F^ = 0, from where the result follows. □ 

Lemma 5.7. The subspace f){ is a subalgebra of to an d [f)t ,tt)] C tt). 

Proof. UT + aB + U + xZ, S + bB + V + yZ G h, with T, 5 G f) fo , 7, V G tt), and a, 6, x, 
y G R, then the bracket [T + aB + U + xZ, S + bB + V + yZ] = [T, 5] + [T, V] - [5, 7] + 
|V — |(7 + (|(77, V) + ay — 6x) Z belongs to h. In particular [T, 5] G F) to , so f) to is a Lie 
subalgebra of to- Taking U = 0, a = b = x = y = 0we obtain that [q, tt)] C to and hence 
[q,fla to] C fl a tt). 

Now let X G g a to. For any section through o we have Ad(Q)(T £) = Vq(H ■ o) = 
(a b) © (1 - 9){g a to) © (1 - #)(fl 2 a t), and (o © b) © (1 - 0)(fl a © r) c T £ by 
Lemma f5T3l Hence, for (1 — 9)X G (1 — 9)(g a to) we can find a section E such that 
(1 — 9)X G T G E (after conjugation by an element of Q if necessary). Then, if X is regular, 
Lemma [5T61 implies [f)t ,X] C g a to. Since the set of regular vectors is dense, X can 
always be approximated by a sequence of regular vectors, and hence, by continuity we also 
obtain [f) {o ,X] C g a tu for non-regular vectors. Therefore, [f) to , a 0tt>] C0 a 0tt). Finally, 
the skew-symmetry of the elements of ad(€o) implies [f)e , tt)] C to. □ 
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We can now finish the proof of Proposition 15 .21 

Proof of Proposition 15.^1 The fact that f) = q©b©tD©tisa subalgebra of f © & © n, and 
Lemma l5\7l imply that f) = f)t © b © to © r is a Lie subalgebra of g that contains f) and f). 
Let if be the connected subgroup of G whose Lie algebra is f). Since T Q (H -o) = T D (H -o) = 
T Q (H ■ o) = b © (1 - 6)to © (1 - 0)t and H C ff, if C if, the orbits through o of the 
groups if, if, and if coincide. The slice representations at o of if and if have the same 
principal orbits. Indeed, for a section E through o and v = aB + (l — 9)^ + x(l — 9)Z G T a S 
with (65 regular, Lemma EJ3 implies [f)t ,£] = g a (to © 5) = [q,£]. Thus, the tangent 
spaces at v of the orbits of the slice representations of if and if through v coincide, and 
since H C H, both orbits coincide. Then, the slice representations at o of if and if are 
orbit equivalent. Since the codimension of an orbit of if (resp. of if) through exp Q (v) 
coincides with the codimension of the orbit of the slice representation of if (resp. of if) 
through v G v (H ■ 6) = v (H ■ o), and since the orbits of if are contained in the orbits of 
if, we conclude that the actions of if and if on Cif n have the same orbits. Similarly, an 
analogous argument with if instead of if allows to show that the actions of if and if on 
Cif n are orbit equivalent, and this completes the proof. □ 

We now proceed with the proof of Theorem 15.11 

Let if be a closed subgroup of the isometry group of Cif n acting polarly on Cff™, and 
assume that the Lie algebra of if is contained in a maximal parabolic subalgebra t ffiaffiri. 
As we argued at the beginning of this section, there is a maximal compact subgroup Q 
of if, and we can assume that o G Cff n is a fixed point of Q, that is, the isotropy group 
of if at o is Q. We are now interested in f) aen , the orthogonal projection of f) on a © n. 
It is clear that t) a ® n can be written in one of the following forms: ro, W(B + X) © to, 
R(B + X + xZ) © to (with x ^ 0), to © R(Y + Z), or R(B + X) © to © R(Y + Z), where 
ro C a , and X, Y G ga- 
in order to conclude the proof of Theorem 15.11 we deal with these five possibilities sepa- 
rately. 

Case 1: f) aen = to, with to a subspace of g a . 

Here f) is in the hypotheses of Proposition 15.21 and it readily follows from Lemma 15.31 
that this case is not possible. 

Case 2: t) am = R(B + X) © to, with to a subspace of g a , and X G g a to. 

Assume first that X ^ 0. Then, v (H-o) = M(-||X|| 2 J B + (l-^)X)©(l-^)(g Q ©rt))ffip2 a . 
Let S be a section through o. Since T S C u Q (H ■ o), [q,-||X|| 2 i? + (1 - 0)X) C p a , 
[l) p2a] = 0, and [q, p a ] C p a , we get that [q, T E] is orthogonal to a and p 2a . As v a (H -6) = 
T G S © [q,T D E] (orthogonal direct sum) by Proposition I2.3[ we readily get that p 2a C T Q S. 
Moreover, let T G f)t be such that T + B + X G f); then T + B + X is orthogonal to [q, T E], 
and since [q, T G S] C p a we obtain that X is orthogonal to [q, T C E]. The fact that the direct 
sum u (H ■ o) = T £ © [q,T E] is orthogonal implies that -||X|| 2 S + (1 - 6)X G T D S. 



20 



J. C. DIAZ RAMOS, M. DOMINGUEZ VAZQUEZ, AND A. KOLLROSS 



However, since T Q S is totally real we have 

= (t(-\\X\\ 2 B+{l-6)X), (1-6)Z) = (-^\\X\\ 2 {1-6)Z+{1-6)JX, (1-6)Z) = -2||X|| 2 , 

which is not possible because I/O. 

Therefore we must have X = 0, and thus f) offin = a © ro. Note that the fact that \) is 
a subalgebra of t © a © n implies that ro is a totally real subspace of g a . We are now in 
the hypotheses of Proposition 15.21 and, as shown in the proof of Lemma 15. 6\ to = 0. We 
conclude that the action of H is orbit equivalent to the action of the group H whose Lie 
algebra is f) = q © a. This corresponds to Theorem I5.1(laj ). 

Case 3: f) affin = R{B + X + xZ) © ro, with ro a subspace of g a , X £ g a © To, and x £ R, 
x j£ 0. 

Let g = Exp(xZ) £ G, and let T + r(B + X + xZ) + V be a generic element of f), with 
V £ to, r £ R. Clearly, since # £ AAT we have Ad(g)(t)) Ct ffidffin. Then, it is easy to 
obtain 

Ad(g)(T + r(B + X + xZ) + V) =T + r(B + X + xZ) + V - rxZ = T + r(B + X) + V. 

Hence (Ad(g)(f))) Qffin = WL(B + X) © ro, and Ad(p)(q) = q. Since Q is a maximal compact 
subgroup of I g (H) = gHg -1 , and the orthogonal projection of the Lie algebra of I g (H) 
onto a © n is WL(B + X) © ro, the new group I g {H) satisfies the conditions of Case 2. 
Therefore, the action of H is orbit equivalent to the action of the group H whose Lie 
algebra is f) = q © o. This also corresponds to Theorem I5.1(laj ) . 

Case 4: f) oen = ro © R(Y + Z), with to a subspace of g a , and Y £ g a © ro. 

Assume that Y + 0. Then, v {H-o) = a® {1 - 0){g Q eto) ®R(2(1 - 6)Y - \\Y\\ 2 (1-6)Z). 
Let E be a section through o. Then, by Proposition 12.31 we have v {H • 6) = T D S © [q, T D E] 
(orthogonal direct sum). Since [q, 2(1 - 9)Y - ||1^|| 2 (1 - 6)Z] C p a , [q, a] = 0, and [q, p a ] C 
p a , we get that [q,T D S] is orthogonal to o and p 2 a- Then, a C T S. On the other hand, 
if T £ f)j is such that T + Y + Z £ fj, then T + Y + Z is orthogonal to [q,T £] C 
v Q {H ■ o), and since [q,T Q S] C p a we also obtain that Y is orthogonal to [q,T E]. Thus, 
2(1 - 6)Y - \\Y\\ 2 (l - 6)Z £ T S. But, since T S is totally real, we get 

0= (B,i(2(l-6)Y - \\Y\\ 2 (1 -6)Z)) = (B, 2(1 - 9) JY + 2\\Y \\ 2 B) = 2\\Y\\ 2 , 

which contradicts 7^0. 

Therefore we have Y = 0, and thus, f) affin = to © g 2a - We are now in the hypotheses of 
Proposition l5.2[ and we conclude that the action of H is orbit equivalent to the action of the 
connected subgroup H of the isometry group of CH n whose Lie algebra is f) = q © to © g2 a , 
with ro a subspace of g a . This corresponds to Theorem 15. l(lcl) . 

Case 5: t) am = R(B + X) © to © R(Y + Z), with xo C g a , and X, Y £ g a © to. 
This final possibility is more involved. 

Our first aim is to show that Y — 0. So, assume for the moment that 7^0. 
Lemma 5.8. VFe /iawe X = 7F + -r^Lr JY , with 7 £ R. 
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Proof. Assume that X and Y are linearly dependent, that is, X = XY, with A Gl. Then, 
f)oen = + Ay) © to © R(y + Z), and there exist T, S e f) to such that T + B + XY, 
S + Y + Zet). Then, 

[T, 5] + [T, y] - X[S, Y) + -Y + Z = [T + B + XY, S + Y + Z] G f). 

Since [T, y] — A [5, Y] G g Q My by the skew-symmetry of the elements of ad(to), we get 
|y + Z G f)o®n, which is not possible. 

Therefore, we can assume that X and Y are linearly independent vectors of Q a . In 
particular, X ^ 0. Take and fix for the rest of the calculations T, S G f){ such that 
T + 5 + X, s + y + Z G fj. 

In this case, the normal space to the orbit through the origin o can be written as 

u {H ■ o) = R(-\\X\\ 2 B + (1 - 6)X - -(X, y)(l - 6)Z) © (p Q © (1 - 0)(tt> © MX © My)) 

2 1 

© m(-(x, y)5 + (i - 0)y - -||yf(i - 0)z). 

Let S be a section of the action of H on CiJ n through the point o G CH n . By Propo- 
sition |23] we have ^ (il • 6) = T Q S © [q,T D S] (orthogonal direct sum). In particular the 
vectors T + B + X and 5 + y + Z are orthogonal to [q,T S] C p a (because [to, a] = 
[to, 02«] = 0). This implies that X and Y are already orthogonal to [q,T c S], and thus, so 
are -\\XfB + (I - 9)X - \(X,Y)(l - B)Z and -(X, Y)B + (1 - 6)Y - \\\Y || 2 (1 - 0)Z. 
Hence, they are in T S and we can write 

T S = R(-\\X\\ 2 B + (1 - 9)X - -(X,y)(l - Q)Z) 

© (i - 9) 5 © m(-(x, y)5 + (i - 0)y - i||y || 2 (i - 9)z), 

where s C Q a ro is totally real, and CX © CY is orthogonal to s (because sections are 
totally real). The fact that T„E is totally real also implies 

= (i(-\\X\\ 2 B + (1 - 9){X - \{X, Y)Z)), -(X, Y)B + (1 - 9){Y - h\YfZ)) 
(4) = ((1 - 9){- l -\\X\\ 2 Z + JX) + (X, Y)B), -(X, Y)B + (1 - 9){Y - -\\Y\\ 2 Z)) 

= \\x\\ 2 \\y || 2 - (x, y) 2 + 2(jx, y). 

Now, using Lemma [27TT|al) . and (jlj), we compute 

[-\\XfB + (1 - 0)(X - 1 -{X, Y)Z), -(X, y)S + (1 - 9){Y - \\\Y\\ 2 Z)} 

= Ui + 9){-2[9X,y\ + (x,y)x- ||xfy- ||y|| 2 jx + (x,y)jy- (jx,y)z). 

This vector is in [T S,T E], which is orthogonal to f) by Proposition 12.31 so taking inner 
product with S + Y + Z, and using Lemma 0© and flU), we get = -2([S,X],Y) - 
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i||F|| 2 (JX, Y), which implies 

(5) ([S,X},Y) = - 1 l \\Y\\ 2 (JX,Y}. 
We also have 

[T + B + X, S + Y + Z] = [T, S] + [T, Y] - [S, X) + ±Y + (l + i ( JX, F » Z, 

which is in h, so taking inner product with —(X, Y)B + (1~9)(Y—^\\Y\\ 2 Z), and using ((Sj), 
we obtain 

= -([S,X],Y) + i||YT - ||r|| 2 (l + \(JX,Y)) = -\\\Y\\\l + \{JX,Y)). 

Since Y ^ 0, we get ( JX, F) = —2 and thus (j4j) can be written as 

||X|| 2 ||F|| 2 - (X,F) 2 = 4= (JX,Y) 2 . 

Now put X = 7Y + <5Jy + E with i? orthogonal to CY, and 7,(5 6 K. Then, the previous 
equation reads 1 1 1 1 2 1 1 1 1 2 = 0, which yields E = 0. This implies the result. □ 

Therefore the situation now is t) am = R(B + 7F + wpJY) © tt> © R(Y + Z), with 
CY C Q tn. The normal space can be rewritten as 

v Q (H ■ o) = R(-2B + (1 - 6)JY) © (p a © (1 - 6) {to © CF)) 

© R(--f\\Y\\ 2 B + (1 - 0)y - -||Y|| 2 (1 - 9)Z), 

and arguing as above, if £ is a section through o, then 

(6) T D S = R(-2£ + (1 - 0)JY) © (1 - 0)5 © R(- 7 || Y|| 2 5 + (1 - 9)Y - ^\\Y\\ 2 (1 - 9)Z), 
where 5 C Q a (to © CY) is a totally real subspace of g a . 

Lemma 5.9. If S £ f)t is such that S + Y + Z £ f) tfien [5, JY] = i||Y|| 2 Y. 

Proof. First of all, by the properties of root systems and the skew-symmetry of the elements 
of ad(t ), we have [S, JY] £ Q a MJY. 
Lemma [2.1( lal) yields 



(7) 



-2B + (1 - 0)JY, ^HFffi + (1 - 6)(Y - -\\Y\\ 2 Z)} 

1 1 

= (1 + 9) (-[9JY, Y] + (-||Y|| 2 -1JY+ ^\\Y\\ 2 JY + -HYfz). 



which is a vector in [T £,T £]. 

Take U £ to, and let TJ/ £ f) {o be such that T v + U £ f). Taking inner product with (J7J) 
and using Lemma [27TT jb]) we get = 2([Tu, JY],Y). Using this equality and since f) is a 
Lie subalgebra, we now have 

= ([S+Y+Z,T v +U),-2B + (l-e)JY) = ([S,Tu] + [S, U) — [Tu,Y], JY) = ([S, U], JY), 
and since U £ to is arbitrary, [S, JY] £ g a © (tu © RJY). 
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Let £ G s. Proposition 12.31 implies 

= (S + Y + Z, [-2B + (1 - 9)JY, (1 - 0)f]> = -(5, (1 + 9)[9JY, £]) = -2([S, jy], 0- 

Let 77 G g a (tt) © CF) be an arbitrary vector. Since Ad(Q)(T S) = u a (H ■ o) by 
Proposition 12. 3^ we can conjugate the section £ in such a way that 77 G 5. (Note that 
-2B + (1-9)JY and -~?\\Y\\ 2 B + (1 - 9)Y - \\\Y\\ 2 (l - 9)Z always belong to T S by ©.) 
Hence, the equation above shows that [S, JY] is orthogonal to g a (to © CY). Altogether 
this implies [S, JY] G WY. 

Finally, taking inner product of © with 5 + V + Z e f) we get, using Lemma [2TTTlal) . 
= 2([S,Y], JY) + i||F|| 4 , and hence [S, JY] = \\\Y\\ 2 Y as we wanted. □ 

We define g = Exp(— 4JY/\\Y || 2 ). Recall that the Lie algebra of the isotropy group of 
H at g(o) is f) 9 ( G ) = Ad D f) = q D ker ad(JY), according to Lemma EH Let S G f) to 
be such that S + Y + Z G f). Then, Lemma [5T91 yields 

Ad(^)(5) = S - j^IJY, S] + W 5]] = 5 + F + Z g Ad(^)(«) n d. 

However, it is clear that S + Y + Z^qH ker ad(jy), which gives a contradiction. 

Therefore we have proved that Y = 0. Thus f) offin = R(5 + X) © ro © g 2a . If X = then 
f)o®n = a © to © g 2a , and we are under the hypotheses of Proposition I5.2[ which implies 
that the action of H is orbit equivalent to the action of the group H whose Lie algebra is 
f) = q©a©tt>© 02a- This corresponds to Theorem 15.1 tj bj). 

For the rest of this case we assume I/O. Note that the normal space to the orbit 
through o is u a {H ■ o) = ^HI^fE + (1 - 9)X) © (p a © (1 - 6)(to@RX)). If S is a section 
through o, since u (H ■ o) = T D S © [q,T S] (orthogonal direct sum), and [q,T S] C p a , it 
is easy to deduce, as in previous cases, that 

T S = R{-\\X\\ 2 B + (1 - 9)X) © (1 - 9)s, 

where M.X © 5 is a real subspace of g a - 

We define g = Exp(2X). We will show (Ad(p)(f))) offln = a © to © g 2a and Ad(^)(q) = q, 
which will allow us to apply Proposition 15.21 From now on we take T G f)t such that 
T + B + Xet). 

Let S G q. Then [S,T\ + [S,X] = [S,T + B + X] G f), and thus [S,X] G tt). Now 
let U G tt) be an arbitrary vector, and let Su G f)t such that Su + U G f). We have 
= ([S, Su + U],-\\X\\ 2 B + (1 - 9)X) = -([S, X], U), which together with the previous 
assertion implies [S, X] = 0. Then Ad(g)(q) = q. In particular this implies that Q is a 
maximal compact subgroup of I g {H) = gHg^ 1 . 

Now we calculate [T, X]. Let U G tn and G f)t such that Su + U G f). Then, by the 
skew-symmetry of the elements of ad(t ) we have = ([T + B + X, Su + U], —\\X\\ 2 B + (1 — 
9)X) = -([T,X], U), so [T,X] G Q a Q tt). Let now £ G s. By Proposition Owe get, using 
Lemma EI©, = (T + B + X, [-\\X\\ 2 B + (1 - 9)X, (1 - 6)$]) = — (T, (1 + 9)[9X, £]) = 
— 2([T, X],£). Using again Proposition 12.31 we have ^ (H • o) = Ad(Q)(T S), and thus, for 
any 77 G g a (tt) © MJC) we can find a section through o such that (1 — 9)r] G T G S (note 
that — ||X|| 2 i? + (1 — 9)X G T S for any section). Hence the previous argument shows 
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([T,X),T]) = 0, and altogether this means [T,X] = 0. Therefore, Ad(g)(T+B+X) = T+B, 
so the projection of this vector onto affinisinaCa©tD© g 2 a- 

Fix U G to and Sjj G f)t such that Sjj + U G f). We calculate [SV/, X]. For any £ G s, by 
Proposition O and Lemma [O® , we get = (S v + U, [-\\X\\ 2 B + (1 - B)X, (1 - 0)f]) = 
— 2([iS{7, -X"], £)• As in the previous paragraph, one can argue that £ can be taken arbitrarily 
in g Q ©(tt)©IKX) by changing the tangent space to the section, if necessary, by an element of 
Ad(Q). Hence [S V ,X] G to, which yields Ad (g)(Su + U) = Su + U — 2[Su,X] + ~((JX, U) — 
2(JX, [Sjj, X]))Z, and thus, its projection onto a © n belongs to a © to © 02a- 

Finally, let Sz G f)t such that Sz + Z G P). For each ( 6 s we obtain = (Sz + 
Z, [-\\X\\ 2 B + (1 - 6)X, (1 - 0)f]) = -2([S Z ,X],£), and since £ can be taken to be in 
Q a (to ©MA) by a suitable conjugation of the section by an element in Ad(Q), we deduce 
[Sz, X] G to. Hence, Ad{g){S z + Z) = S z - 2[S Z ,X] + (1 - (JX, [S Z ,X]))Z, and the 
orthogonal projection of this vector onto a © n belongs to a © to © g 2a - 

These last calculations show that (Ad(g)(h)) aen C a©ro©0 2a . Since g G AX normalizes 
{o©a©n, we have that Ad(#)(f)) C £o©a©n. Then the kernel of the projection of Ad(#)(f)) 
onto a©n is precisely Ad(g)(i)) nt , which is a compact subalgebra of Ad(g)(i)) containing 
q = Ad(g)(q). By the maximality of q we get that Ad(p)(fj) fl t = q. But then by 
elementary linear algebra 

dim(Ad(p)f))«en = dimAd(^)(fi) - dim(Ad(^)(f)) n € ) 

= dim t) - dim q = dim f) oen = dim(a © to © $j 2 a)- 

All in all we have shown that the Lie algebra Ad(g)(Jj) of I g (H) = gHg^ 1 satisfies 
(Ad(<7)(f))) offin = a © ro © 02a, and that Q is a maximal compact subgroup of I g {H). 
Therefore, we can apply Proposition 15.21 to I g (H). This implies that the action of H on 
CH n is orbit equivalent to the action of the group H whose Lie algebra is () = q©a©ro©g2a. 
This corresponds to Theorem [5JjJb]) . 

Altogether, we have concluded the proof of Theorem 15. 1[ 

6. Proof of the main result 

In this section we conclude the proof of Theorem A using the results of Sections H] and [51 

Proof of Theorem A. The actions described in part @ are polar by virtue of Lemma 14.11 
and Theorem 14.21 whereas the polarity of the actions in part (Jn]) follows from Theorem 13. 1[ 

Since a C p, the actions in (Jn]) with b = a contain the geodesic line exp G a. On the other 
hand, a horospherical foliation of CH n is given by the action on CH n of the connected 
subgroup X of G with Lie algebra n = g a © g 2 «, see [7]. This shows that an orbit of 
minimal type for the actions with b = is contained in a horosphere. 

An action of a subgroup H of the isometry group I(M) of a Riemannian manifold M 
is proper if and only if H is a closed subgroup of I(M). Hence we may assume H C 
SU(l,n) is closed. Since the polarity of the action depends only on the Lie algebra of H 
by Proposition I2.3[ we may assume that H is connected. 

Thus, let if be a connected closed subgroup of SU(l,n) acting polarly on CH n . The 
Lie algebra f) of H is contained in a maximal subalgebra of su(l,n). By [2U Theorem 1.9, 
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Ch. 6], the maximal nonsemisimple subalgebras of a semisimple real Lie algebra are para- 
bolic or coincide with the centralizer of a pseudotoric subalgebra. (A subalgebra t C g is 
called pseudotoric if Exp ad t C Intg is a torus.) The maximal subalgebras of simple real 
Lie algebras which are centralizers of pseudotoric subalgebras have been classified in [26] . 
However, it is easy to determine them in the case of su(l,n). Indeed, it follows from [2U 
Theorem 3.3, Ch. 4] that for all pseudotoric subalgebras t of su(l,n) there is an element 
g G SU(l,n) such that Ad(g)t is contained in the subalgebra comprised of all diagonal 
matrices in su(l,n). Since we are interested in maximal subalgebras which are centraliz- 
ers of pseudotoric subalgebras t we may restrict ourselves to one- dimensional pseudotoric 
subalgebras t. For such a subalgebra we have t = Mdiag(it 5 • • • ,it n ), for t , . . . ,t n G R 
such that to + • • - + t n = 0. The centralizers of such t are the subalgebras of the form 
s(u(l, rii) © 11(712) © • • • © u(n^)) where n x + • — hn< = n. In particular, any maximal con- 
nected subgroup of SU (1, n) whose Lie algebra is the centralizer of a pseudotoric subalgebra 
is conjugate to one of the maximal subgroups S(U(1, k)U{n — k)), k — 0, . . . , n — 1. 

First, let us assume H is contained (after conjugation) in a maximal subgroup of the 
form S(U(1, k)U(n — k)) or in a semisimple maximal subgroup of SU(1, n). In both cases, 
the action of H on CH n leaves a totally geodesic sub manifold invariant; this follows from 
the Karpelevich-Mostow Theorem [16] , [22J (it is obvious in the first case). This situation 
has been studied in Section |U 

If the action of if leaves a totally geodesic Rif ™ invariant, then Theorem 14.21 applies 
and the if-action is orbit equivalent to the cohomogeneity one action of SO(l, n). This 
corresponds to case (JI]) with k = n in Theorem A. If the action of if leaves a totally geodesic 
Rff fc invariant, with k < n, then it also leaves a totally geodesic CH k invariant. 

Let then k be the smallest complex dimension of a totally geodesic complex hyperbolic 
subspace left invariant by the if-action. If k = 0, then the if- action has a fixed point. In 
this case, it follows from [13] that if is a subgroup of S(U(l)U(n)) = U{n) that corresponds 
to a polar action on CP™ -1 , and therefore is induced by the isotropy representation of a 
Hermitian symmetric space. This corresponds to case §j§ with k = in Theorem A. 

Let us assume from now on that k > 1. Lemma 14.11 guarantees that the if- action is 
orbit equivalent to the product action of a closed subgroup ifi of SU(1, k) acting polarly 
on Cif k times a closed subgroup H2 of U{n — k) acting polarly (and with a fixed point) on 
CH n ~ k . By assumption, the if i-action on CH k does not leave any totally geodesic CH 1 or 
Rif' with I < k invariant. Hence, either the ifi-action on CH k is orbit equivalent to the 
5*0(1, /c)-action on CH k , or ifi is contained in a maximal parabolic subgroup of SU(1, k). 
The first case corresponds to part (jij) with k G {l,...,n}. Note that for Q = H 2 , the 
Q-action on CH n ~ k is determined by its slice representation at the fixed point, so Q acts 
polarly with a totally real section on T CH n ~ k = C n ~ fc . 

Let us consider the second case, that is, ifi is contained in a maximal parabolic subgroup 
of SU (l,k), k G {1, . . . , n}. As explained at the beginning of Section 0, we may assume 
f)i C £q © a © © $j2a, where now is a complex subspace of g a with complex dimension 
k — 1, and f J = u(A; — 1) is the normalizer of a in {fisu(l, k). It follows that the ifi-action is 
orbit equivalent to the action of a closed subgroup of SU(1, k) with one of the Lie algebras 
described in Theorem 1 5. II (jaj) q 1 © a, (jb]) q 1 ffia©rD©g 2 a, or (Jcj) q 1 ffitti©02a, where to is a 
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real subspace of q^, and q 1 C fig normalizes to. Since H 2 C U(n — k) acts on CH n ~ k , we can 
define q = q 1 © h,2, which is a subalgebra of to- Part (jaj) of Theorem 15. II is then a particular 
case of Theorem A(E]) for k = 1, while parts (jb]) and (|c]) of Theorem 15.11 correspond to 
Theorem A(Jn]), where b = a and b = 0, respectively. Lemma \2.2\ Proposition 12.41 and the 
fact that the slice representation of a polar action is also polar, guarantee that the action 
of q on the orthogonal complement of to in Q a is polar with a totally real section. □ 
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